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Abstract. The purpose of this paper is to prove Duflo's conjecture for (G, tt, AN) where 
G is a simple Lie group of Hermitian type and tt is a discrete series of G and AN is the 
maximal exponential solvable subgroup for an Iwasawa decomposition G — KAN. This 
is essentially reduced from the following general theorem we prove in this paper: let G 
be a connected semisimple Lie group . Then a strongly elliptic G-coadjoint orbit O is 
holomorphic if and only if p(C') is an open AiV-coadjoint orbit, where p : g* — > (a © n)* 
is the natural projection. 

1. Introduction 

Let H C G he real connected Lie groups of type I with Lie algebras f) C g. Let tt 
be a unitary irreducible representation of G. One fundamental problem in representation 
theory and harmonic analysis is to study the restriction of tt to i/ i.e., the branching 
problem. For G exponential solvable, the branching problem was determined in ( |Fu] ) . 
However, it is very hard to find an explicit branching laws for general {G, tt, H), especially 
for G reductive and H non reductive. When G, H are both reductive, good progress has 
been made, notably by work of Kobayashi ( |Kolj . |Ko2] . |Ko3] . |KOP] ) and recent work of 
Duflo- Vargas f [DVT] . [DV2] l 

A central problem in branching theory, initiated by Kobayashi, is to study when tc\h 
is //-admissible (in the sense of Kobayashi): i.e., is decomposed discretely with finite 
multiphcities. 

Now let us consider the branching problem geometrically. Suppose that vr is attached 
to a G-coadjoint orbit O in q*: i.e., tt is a "quantization" of O. Then O, equipped with 
the Kirillov-Kostant-Souriau symplectic form zu, becomes a //-Hamiltonian space. The 
corresponding moment map is just the natural projection p : O — > ()*. One might care 
whether the branching law ttIh can be studied via the //-Hamiltonian space {0,'cu). 

The answer is positive for G exponential solvable (by the work of Fujiwara |Fuj ) or com- 
pact (by work of Heckman |Hej and Guillemin-Sternberg |GSj ). But for general G, the 
answer is not that clear : for instance not all n E H can be associated with a coadjoint 
orbit. Next even if n is attached to a certain orbit O, it is not clear that each //-irreducible 
representation which appears in n\H can be attached to a //-coadjoint orbit in f)*. Never- 
theless, for H C G which are almost algebraic Lie groups and tt is a discrete series of G, 
Duflo proposes a conjecture which relates the branching problem to the geometry of the 
moment map. 
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For G semisimple and n a discrete series of G which is attached to a G-coadjoint orbit 
Ot, (in the sense of Duflo), Duflo's conjecture states as follows: 

(Dl) tt\h is //-admissible if and only if the projection p is weakly proper. 
(D2) If hIh is //-admissible, then each irreducible //-representation a which appears in 
7r|// is attached to a strongly regular //-coadjoint orbit Q (in the sense of Duflo) which is 
contained in p((9^). 

(D3) If n\H is //-admissible, the multiplicity of each such a can be expressed geometrically 
on the reduced space of fl (with respect to the moment map p). 

Here "weakly proper" in (Dl) means that the preimage (for p) of each compact subset 
which is contained in p(07r) H T^^ is compact in (9^. Here T^r is the set of all strongly 
regular elements in ()*. For the definition of strongly regular elements (orbits) and more 
information on Duflo's conjecture, we refer to ( |Liu] ). 

As for (D2), let us remark that in the framework of Duflo's orbit method, each discrete 
series of G (resp. H) is attached to a strongly regular G (resp. //)-coadjoint orbit. More- 
over according to Duflo- Vargas's work ( |DV1] . |DV2] ). each irreducible //-representation a 
which appears in the integral decomposition of ttI^ (which is not necessarily //-admissible) 
is attached to a strongly regular //-coadjoint orbit. Note that a is not necessarily a discrete 
series. However, if 7r|// is //-admissible, then each //-irreducible representation appearing 
in 7r|j7 must be a discrete series. Thus (D2) has a good geometric meaning. 

(D3) seems not very explicit, but at least it suggests a direction. It is obviously influenced 
by Guillemin-Sternberg's work for compact Hamiltonian spaces and especially encouraged 
by Paradan's work on non-compact Hamiltonian spaces. We will see in our case, this 
direction is also correct. 

In this paper, we will prove Duflo's conjecture for (G, AN) where G is a simple Lie group 
of Hermitian type and AN is the maximal exponential solvable subgroup for an Iwasawa 
decomposition G = KAN. 

The paper is organized as follows. In section 2, assuming the results in section 5, we 
prove Duflo's conjecture for the case mentioned above. In section 3, we state a general 
geometric theorem (Theorem 3.1) on strongly elliptic coadjoint orbits. The sections 4 and 
5 are devoted to proving Theorem 3.1. 

Notations and Conventions: M.\_ = {x : x > 0}, Ml = {x : x < 0}. For any Lie algebra 
g, g* denotes its algebraic dual. 



2. Duflo's conjecture for simple Lie groups of Hermitian type 

Let G = KAN be an Iwasawa decomposition of a connected semisimple Lie group G. 
Let a (resp. n) be the Lie algebra of A (resp. A^). Let vr be a discrete series of G with 
its associated coadjoint orbit (in the sense of Duflo). Suppose that there exists an open 
AA^-coadjoint orbit in (a © n)*. Then in Theoreme 5.3 of |Liu] . we proved 
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Theorem 2.1. The projection p : (9^ — )■ (a©n)* is weakly proper if and only if p{0.„) is 
an open AN -coadjoint orbit. 

Now suppose that G is simple of Hermitian type. In this section, we will prove Duflo's 
conjecture for {G,AN). It is well known that for such Lie group G, there exists an open 
AA^-coadjoint orbit in (a © n)*. 

On the other hand it is known that vr | is AA^-admissible if and only if vr is holomorphic 
or anti-holomorphic (see |RiV] and the Theorem 4.6 of |Re Vj ) . 

Hence (Dl) of Duflo's conjecture follows from Theorem 2.1 and Theorem 3.1 below 
which states that p(07r) is an open AA^-coadjoint orbit if and only if vr is holomorphic or 
anti-holomorphic. 

Next let us check (D2). Let G = Kexpp be the associated Cartan decomposition of G 
and t be a Cartan sub-algebra for K. Let tt be a holomorphic discrete series of G. Without 
loss of generality, we can suppose that its Harish- Chandra parameter A is in [ii)*. Let 
/ = —iX G t* C g* (the relation t* C g* is relative to the decomposition q = t© [t, g]). 
Then O.^ = G.f is the associated coadjoint orbit of tt (in the sense of Dufio). Let A be 
the root system with respect to (0C)tc)- We identify t* with t under the inner product 
(., .) := — /C(., where /C(., .) is the Killing form on g. Then A+ := {a G A : (/, ia) > 0} 
is a subset of positive roots. Let A+ C A"*" (resp. A^ C A+) be the subset of positive 
non-compact (resp. compact) roots. Then A+ determines the holomorphic structure 
in pc. Hence there exists a unique element Zq in the center of t such that [Zo,X] = —iX 
for all X G pjt- Then {Zo,ia) = 1 > for all a G A+. Let /i G (a © n)* such that 
h{Y) = —}C{Zq, Y) for all Y G a©n. Then it is known that h lies in an open AA^-coadjoint 
orbit fl (see for instance |RiVj ). 

Let A = X + pg — he the Blattner parameter of tt, where pc (resp. px) is the 
half sum of positive roots (resp. compact positive roots). Let tvq G AN be the associated 
unitary irreducible representation of fl = AN.h. Let ta G X be the X- unitary irreducible 
representation whose highest weight is A (with respect to A+). Then we have the following 
theorem due to Rossi- Vergne (see |RiVj ). 

Theorem 2.2. n\AN = dim(rA).7rn. 

However, according to section 5, we have p(07r) = This is also directly deduced from 
Theorem 3.1 and Carmona's results (see section 4). For tt anti-holomorphic, it is treated 
exactly in the same way. Hence (D2) of Duflo's conjecture is true. Note that in our case, 
strongly regular 74A^-coadjoint orbits are nothing else but open orbits. 

Below we will prove (D3) of Duflo's conjecture. 

2.1. Reduced space and multiplicity. Let t\i G X be the unitary irreducible repre- 
sentation of K with Harish-Chandra parameter A (with respect to Ajt). Then the highest 
weight of T\' , A' = X — pk ■ As A — A' = p„ which is a character of exp(t), we have 



Observation: dim(rA) = dim(rA')- 
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Let w be the Kirillov-Kostant-Souriau form of O^^ and X^^ be the reduced space of 
the open AA^-orbit VL = p{Ot^). Since AN is diffeomorphic to Q, we deduce that Xq is 
diffeomorphic to K.f. Then in particular Xq is a compact symplectic sub-manifold of 
Cjr- Denote by tu^ the induced symplectic form of X^ (from zu), and /3n := ^^J^;" the 
associated Liouville volume. Here / = dimX^ = dim K.f. 

Now we will prove the following theorem. 

Theorem 2.3. n\AN = (Jx^ l^^)-'^^- 

Proof. According to the theorem of Rossi- Vergne (Theorem 2.2 above) and the observation 
above, it is sufficient to prove /^^ f3n = dim(TA/). Without loss of generality, we can assume 
that / is also integral (i.e. there exists a unitary character Xf of G{f) = T := expt, such 
that dxf = if)- Because otherwise, we can always choose a good covering G of G such that 
/ is integral for G (and of course coverings do not change anything about multiplicities). 
As in ( [Liu] ) for SU (2,1) case, we can deduce that fx^t^n = Jxff^K, where (3k is the 
Liouville volume of K.f for the induced symplectic form wk on K.f (from the symplectic 
form zu of Ott). However it is clear that {K.f,WK) is isomorphic to the K-coadjoint orbit 
on (K.fxj^fjf), where fx = f\t G t* and ro/^^, is the Kirillov-Kostant-Souriau symplectic 
form on K.fx- Thus it is clear that f f^K = f^fK^ where /3/^ is the Liouville volume 
for (K.ffc^fjf)- On the other hand, it is clear that the associated irreducible unitary 
representation for [K.fKjtUfj^) is exactly ta'. Hence according to Kirillov-Rossmann's 
formula (see |DHV] ). Ixfi^f^fK — dim(rA'). Thus the theorem is proved. □ 

So the assertion (iii) is true according to the the above theorem. 

Remark. From the previous theorem, we see that the AA^-multiplicity equals a natural 
integral on the reduced space. However, it also equals "very probably" an equivariant 
Spin^-index on the reduced space which is reduced from the Spin^- quantization of the G- 
orbit Ott- This equivariant index is the so-called reduction. In other words, in this situation, 
the principle quantization commutes with reduction holds. Hence this geometric principle 
is extended to Hamiltonian action of non-reductive Lie groups. 

3. A GEOMETRIC THEOREM FOR STRONGLY ELLIPTIC COADJOINT ORBITS 

Let G be a real connected semisimple Lie group, g = Lie(G). We let G act on q* by 
coadjoint action. Recall that an element / G 0* is called strongly elliptic, if the Lie algebra 
of its stabilizer, g(/) is compact. 

Now let / be strongly elliptic. Then g(/) contains a compact Cartan sub-algebra t 
(conversely, if g has a compact Cartan sub-algebra, then the set of strongly elliptic elements 
is not empty). Since g = t© [t, g], and / vanishes on [t, g], we can regard / G t*. Let A 
be the root system with respect to (gcitc) and G = i^exp(p) be the associated Cartan 
decomposition. Let Ac (resp. A„) be the subset of compact (resp. noncompact) roots of 
A. It is not hard to see that for each a G A„, we have (/, ia) ^ 0. Define the subset 
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A+ = {a E An : (/, ia) > 0} where (, ) is the inner product over t* = t deduced from the 
Kilhng form defined in section 2. 

We say a strongly elhptic element / G 0* is holomorphic, if ^aeA+5a is a (abelian) sub- 
algebra of pc- Here Qa is the root space of a. Then it is well known that / is holomorphic 
if and only if A+ is stable under the compact Weyl group Wk- Notice that the existence 
of a strongly elliptic and holomorphic element implies that q is of Hermitian type. 

A coadjoint orbit O (in q*) is called strongly elliptic if an element (then each element) 
in O is strongly elliptic. A strongly regular orbit is called holomorphic, if an element (then 
each element) in it is holomorphic. Note that the subset of strongly elliptic (resp. strongly 
elliptic and holomorphic) elements is a G-invariant cone, if it is non-empty. 

In the framework of orbit method, each discrete series vr of G is associated to a (unique) 
coadjoint orbit O which is regular and strongly elliptic (in the sense of Duflo). Moreover 
TT is holomorphic if and only if O is holomorphic. Note that a regular and strongly elliptic 
coadjoint orbit is strongly regular. 

Our goal is to prove the following Theorem: 

Theorem 3.1. Let G = KAN be an Iwasawa decomposition of a connected semisimple 
Lie group G with Lie algebra q. Let a = Lie{A) and n = Lie{N). Let p : g* — > (a © n)* 
be the natural projection. Assume that f E Q* is a strongly elliptic element with coadjoint 
orbit Of := G.f. Then f is holomorphic if and only if p{Of) is an open AN-coadjoint 
orbit in (a © n)*. 

Remark. (1) If there exists no open ylA^-coadjoint orbit in (a© n)*, then it is clear that 
there is no holomorphic element in g*. Thus in this case Theorem 3.1 is true. Hence in 
order to prove Theorem 3.1, we can always assume the existence of an open AA^-coadjoint 
orbit in (a © n)*. 

(2) As we mentioned previously, for all semisimple Lie groups G = KAN of Hermit- 
ian type, there exists an open y4A^-coadjoint orbit in (a © n)*. However, there are also 
other semisimple Lie groups G of non- Hermitian type, for which there exists an open AN- 
coadjoint orbit in (a © n)*: such as the connected non compact Lie group G whose Lie 
algebra g is the split real form of the simple complex Lie algebra of type G2. 

(3) It is clear that the theorem (and the proof of the theorem) is independent of any 
choice of the Cartan decomposition and the subgroup AN. In the extreme situation where 
AN is reduced to a point (in other words G is semisimple compact), it is clear that the 
theorem is correct. Thus in the following sections, we suppose that AN is not trivial (i.e. 
G is not compact). 

4. Characterization of open AA-coadjoint orbits in (a©n)* 

In this section, we will give some results on open y4A-orbits, which are essential for our 
proof of theorem 3.1. All these results can be found in ( |Ca] ). 

Let G = KAN be an Iwasawa decomposition for a semisimple Lie group G. Denote 
a := Lie{A) and n := Lie(A). Notice that a priori, we do not assume there exists an open 
AA^-coadjoint orbit in (a©n)*. Let t) = f)fc©a be a ^-stable Cartan sub-algebra containing 
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a. Denote by $o (resp. $(,) the system of restricted roots (resp. roots) with respect to 
(0,a) (resp. (Sc,f)c))- 

We can choose a set of positive roots $^ (resp. ^jj") for $0 (resp. $1,) such that the 
elements in arc the restrictions to of the elements of which are non zero over 
o. Then starting with the highest root /3i of we can construct a particular maximal 
strongly orthogonal set T = {/3j}i<j<r Q ^t- 

Then there exists an open 74A'^-coadjoint orbit in (a © n)* if and only if r = dim(a) and 
dim(0/3^.) = 1 for all 1 < j < r, where Qjj. is the restricted root space of j3j. It is clear that 
in this case, each (3j is the restriction of a unique real root (i.e vanishes on 1)^) in 

Now assume that there exists an open AA'"-coadjoint orbit in (a© n)*. Fix a non-zero 
element Xj e Qj^. for each 1 < j < r. Then we can find in each open AA^-coadjoint 
orbit a unique element s, such that (1) s\a = 0, (2) s|g^ = for all 7 G $^ \ T and (3) 
s{Xj) E {±1} (so there are 2^ open AA^-orbits in (a© n)*). As /3i is the highest root, it 
follows that /3i is a long restricted root. We end this section with a lemma which is useful 
later on. 

Lemma 4.1. Let be an open AN-orbit in (a© n)*, then {h{Xi) : h & ft} is contained 
in orR*_. 

Proof. It is sufficient to notice that each /i e Q is of the form b.s, where b e AN and s 
is the unique element in ft described previously. As Xi is a highest root vector, it follows 
that for all b e AN, b.Xi e R^-Xi. □ 

Remark. In general, this lemma is false for Xj with j 7^ 1. 

5. Proof of theorem 3.1 

Prom now on we assume the existence of an open AA^-coadjoint orbit in (a©n)* (accord- 
ing to the remark (1) of section 3, otherwise, the theorem is automatically true). According 
to the previous section, I3j is the restriction of a unique real root in and j3j is strongly 
orthogonal to j3i for 1 < i 7^ j < r, with r = dim(o). Thus the process of Cayley trans- 
forms applied to allows us to see that t = f)fc © 0j=i ^i^j + (^{^j)) is a ^-stable compact 
Cartan sub-algebra (notice that 0{Xj) e Moreover under the identification t = t* 

of section 2, Yj := Xj + 0{Xj) is proportional to a non-compact root aj with respect to 
the roots system A := A(0c, tc). Especially, ai is a long root, since f3i is a long restricted 
root and the Cayley transforms preserve the length of roots. From now on, we will work 
on the compact Cartan sub-algebra t constructed above. 

Next we begin to prove the Theorem 3.1. It is clear that it is sufficient to prove it for G 
simple connected: 

Proof. We first prove the "<^" part. 
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Suppose that p{G.f) is an open AA^-orbit. Note that p(G./) = AN.p{K.f). Next it 

is clear that for each k E K, we have p{k.f){Xi) = {k.f){Xi). Hence we conclude that 
{{k.f ){Xi) -.keK} is contained in R; or Further as K.f G t* and Xi = ^ + ^i^f^, 
we have {k.f){Xi) = {k.f){^). This implies especially {(/, w.Yi) : w E Wk} is contained 
in M!i_ or Ml. On the other hand, we have seen that Yi is proportional to a long non-compact 
root ai. Thus the "<^" part is a direct consequence of the lemma below. 

□ 

Lemma 5.1. Let G — i^expp he a Cartan decomposition (with respect to the Cartan 
involution 9) of a connected simple Lie group G with Lie algebra q . Suppose that i is a 
6-stable compact Cartan sub-algebra. Let f E t* Q* be a strongly elliptic element such 
that t C Suppose that there exists a long non-compact root (3 in A = A{Qc,k:), such 

that {(/, iw./3) : w E Wk} is contained in M.*^_ or Rl. Then f is holomorphic. 

Proof. Firstly, if the condition in the lemma is satisfied, then (/, i 'Y1,w£Wk "^-P) Hence 
i YIiw&Wk ^■'^ 7^ ^' -^^^ ^ TIiw&Wk ^■'^ invariant under Wk- Thus it is in the center of 
fi. This implies that the center of t is non trivial. Hence Q must be of Hermitian type. It 
follows that the Ad-representation of K in pc decomposes into two irreducible components. 
Moreover in this case, the 2 irreducible components p^, are abelian. Then without loss 
of generality, we can assume our /3 E A+, where E^g^+g^ = Pc- However /3 is a long root, 
thus an extreme weight for the Ad-representation of K. Hence according to a Kostant's 
theorem, is contained in the convex hull of Wk-P, conv(l^ii-.^). Then we deduce that 
{(/, ia) : a E A+} is contained in or Rl. Hence the lemma is proved. 

□ 

Now we want to prove the "=^" part of the Theorem 3.1. For this, we only need to 
treat the simple Lie groups of Hermitian type. But firstly we want to prove a general 
proposition for solvable Lie groups, then apply this proposition to our situation. 

5.1. Open coadjoint orbits for solvable Lie groups. 

Proposition 5.1. Let S be a connected solvable Lie group with Lie algebras. Suppose that 

(i) s ~ S\ ®S2, where Si is a Lie subalgebra and $2 is an ideal of s. 

(a) Ss C 52 is an abelian ideal of s, which verifies [52,52] Q S3 and [52,-53] = {0}. 

(Hi) dim(s3) = dim(5i). 

(iv) There exists an open S -coadjoint orbit ins*. 

Let X E s* and A3 := Aj^g. Then the coadjoint orbit S.X is open in s* if and only if S.X3 
is an open orbit in s^. 

Proof. If ^.A is open, it is obvious that 6'.A3 is open. Next we will prove "«^=". 

Define S3' := {A e S3 : S'.A is open in S3} and S3 := {A3 e S3 : there exists a regular element 
A e S2 such that X\gg = A3} (recall that an element A G S2 is called regular, if the Lie 
algebra of its stabilizer S2(A) is of minimal dimension). Then S3 is open and dense in S3. 
On the other hand, [S2,S2] Q S3 and S2 is an ideal. Thus we deduce that S3 is ^-invariant 
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and A2 e S2 is regular if and only of A2I53 ^ ^3- Then the S'-invariance and density of 53 
imply that each open 5'-orbit of S3 is contained in 53. In other words, we have S3' C S3. 

Since [52,33] = 0, it is clear that for all A2 G Sg, we have S3 C S2(A2). Next we want to 
prove that for A2 regular in S2, we have S3 = S2(A2). Actually, according to our assumption, 
we can take a A G s* which lies in an open S'-orbit. Denote A2 := Xl^^- Hence it is clear 

that S2(A2) = S2 n S2 ^, where S2 ^ is the orthogonal of S2 in s with respect to the 

~ J-s- 

Kirillov-Kostant-Souriau symplectic form = A([, ]). However, we have dim(s2 ^) = 

dim(s) — dim(s2) = dim(s3). Then we have S2(A2) = S3. Hence S3 = S2(A2), for all A2 
regular in S2. 

Now assume A G s* such that A3 := Aj^g G S3', i.e., 5'.A3 is open. Let A2 := X\s2- Then 
according to what we have seen, A2 is regular. Now since S.X3 is open and dim(s) — 
dim(s3) = dim(s2), wc have dim(s(A3)) = dim(s2). But it is clear that S2 C s(A3). Thus 
S2 = s(A3). Then we deduce that s(A) C S2(A2). But we have proved S2(A2) = S3. Hence we 
deduce that s(A) equals the orthogonal of S.A3 C S3. However, S.A3 = S3. Hence s(A) =0. 
Then "<^" is proved. 

□ 

Remark. If S2 = S3, then we can drop the assumption that there exists an 5'-open orbit 
in s. This can be easily seen from the proof. 

Let G be simple of Hermitian type. Then the restricted roots system is contained 
in {±i(/3j + /3j)}i<ij<r U {±|(A - Pj)}i<i<j<r U {±|/3j}i<j<r, where r = dim(a). Notice 
that the terms " ^/3" might not appear in We denote the ideals of ® n, 1X3 := 
®i<i,j<r Si(ft+/9j) ^2 := n3 e 0i<i<t 01^.. Then we have 1x3 C 1x2 and a n = n2 Ui, 
where ni = a ® ©i<i<j<r 0i(/3i-/3j)- Hence the conditions of the previous proposition are 
satisfied: we replace "s" by o © n and "5" by rij. Actually this can be easily seen for 
instance by the fact that there is a " J-algebra" structure in a © n. Hence we have 

Corollary 5.1. Let A G (a © n)* and A3 := Ajng. Then AN.X is an open AN-coadjoint 
orbit in (a© n)* if and only if AN.X3 is an open AN-orbit in 1X3. 

5.2. strongly elliptic and holomorphic coadjoint orbits. Recall that we want to 
show: if / G 0* is strongly elliptic and holomorphic, then p(0/) is an open 74A^-coadjoint 
orbit. Corollary 5.1 tells us that it is sufficient to show that P]^(0/) is an open AA'^-orbit 
in tig, where p^ : 0* — > rig is the natural projection. 

Firstly, we translate it into the adjoint picture. Identify with 0* via the inner product 
(., .). Here (X, Y) = -IC{X, e{Y)) for X,Y e Q. Then for a; G G and Q* 3 h = (., X^), we 
have Ad*{x).h = {.,Ad{Q{x)).Xh). Thus we still have Ad*{G).h = Ad{G).Xh. Denote pr„,^ 
the orthogonal projection of onto with respect to (.,.). Then we have the following 
lemma. 

Lemma 5.2. The following diagram is commutative. 
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ns > 

(•, •)n3Xn3 

Proof. Let h e Q* with h = {.,Xh). For any Y e tig, h{Y) = Pi{h){Y) = {Y,Xh) = 
(y, pr„g(X/i)). This completes the proof. □ 

Fix / G t* a strongly elliptic and holomorphic element which corresponds to Xf G t. 
Recall that t always denotes the ^-stable compact Cartan sub-algebra which is constructed 
at the beginning of the section. Let Xj, G g/j. such that (/, + 9{Xi)) > (*). Let 

:= 0i<j-0i(ft-/3,) and := exp(nc). 

Lemma 5.3. Pi{Ad{AN)* .f) corresponds to the subset Ad{9{Nc)) X^^^^R^^X^ in n^. 

Proof. We can write f :— Xj = Xlj=i ^ji^j + ^i-^j)) + Xq E t, where Xj G Qp. is the same 
as the ones in (*) and Cj > and Xq G m. Here m is the centralizer of a in t. 

Now let a G A, n G iV and y G Ug. Then Ad*{an)f(Y) = /(Ad(an)-^y) = {Xf, Ad(an)-^ 
On the other hand Ad{an)^^Y G 1X3 and 0{Xj) and Xq are orthogonal to (actually even 
to n). Then Ad*{an)f{Y) = {Y^^j^^CjXj, Ad{an)~^Y) . Hence we deduce that 

r r 

p.iAdiANy.f) - pr„3(Ad(A^(7V)) ^c,X,) = pr„3(Ad(^(Ar)) J] M;X,). 
However TV = N^.NiNc with N3 :— exp(n3) and A'"! := exp(0-^<^.<^ gi^^). Then we have 

r r 

pr,3(Ad(^(A^)) = pr„3(Ad(^(Ar3))Ad(^(Ar,)).Ad(^(Ar,)) 

i=i i=i 
Nevertheless, it is clear that for any Y G Ug, pr„3(Ad(^(A'3))Ad(6'(Ai )).y) = Y. Then the 
proof follows. 

□ 

It is known that U3 carries the structure of an Euclidean Jordan-algebra. Let ^2+ be 
(up to sign) the associated open convex cone. Recall the construction of For that let 
00 ci® nx® 0j^j 0i(;3._/3^) with m the centrahzer of a in fi. Let Go exp(0o)- Then 

r r r 

n+ = Ad(Go) = Ad{AQ{N,))Y.^i = Ad(^(A^e))(5^M;X,-). 

i=i j=i i=i 

Then wc have the following. 

Corollary 5.2. p^{Ad{AN)* .f) corresponds to 
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Next we will prove our main theorem based on the fine geometry of convex cones in the 
simple Lie algebra of Hermitian type. 

Thus let be one of the two holomorphic subsets of non compact roots. 

Define Cmax := G t : Va G A+,m(X) > 0}. Then Xf G ±Cmax- It is known that 
Cmax := Ad(G')cmax IS a proper maximal Ad(G)-invariant open convex cone in q (see |Ne] ). 
Without loss of generality, we can assume Oxf '■= Ad{G).Xf C Cmax- recall that Xj G Qjs^ 
are those in (*). Since Xi is a highest weight vector for Ad-representation of G on q, we 
have the following characterization of Cmax due to Paneitz-Vinberg (see Theorem 2.1.21 in 

Cmax = {Xeg: {X,Ad{g).X,) > O.yg G C}. 

Hence as each Xj is conjugate to Xi via Weyl group (up to a positive scalar), we deduce 
the following 

Corollary 5.3. For each Y G Cmax; we have (y, > 0. 

Now in order to conclude Pi{Of) = fi+ (then our theorem is proved) we prove the 
following. 

Corollary 5.4. pr^^{Cmi,^) = il+ . 

Proof. Firstly, prn3(Cmax) ^ follows from Corollary 5.2 and Lemma 5.2. 

Next it is known that the closure of fi"*", fi+ is self-dual (see |FK] ): i.e., X G fi+ if and 
only if (X, > 0. Then according to the previous corollary, we have pr„g(Cmax) ^ 
But Cmax is open and pr^^ is an open map. Hence we deduce that prn3(Cmax) ^ 

□ 

Remark. Since G is simple of Hermitian type, the set of strongly elliptic and holomorphic 
elements has two connected components ±\E'+ (actually = Cmax)- Since is union 
of strongly elliptic and holomorphic G-orbits, a simple topological argument implies that 
p(v[/+) = where is an open AA^-orbit in (o © n)*. In other words, among many 
open AA-orbits in (a © n)*, there are only two and exactly two opposite open orbits onto 
which the cone of strongly elliptic and holomorphic elements in q* are projected. 
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